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Abstract. Physical process version of the first law of black hole thermodynamics in Einstein-
Maxwell dark matter gravity was derived. The dark matter sector is mimicked by the additional
U(1)-gauge field coupled to the ordinary Maxwell one. By considering any cross section of the black
hole event horizon to the future of the bifurcation surface, the equilibrium state version of the first law
of black hole mechanics was achieved. The considerations were generalized to the case of Einstein-
Yang-Mills dark matter gravity theory. The main conclusion is that the influence of dark matter is
crucial in the formation process of black objects. This fact may constitute the explanation of the
recent observations of the enormous mass of the super luminous quasars formed in a relatively short
time after Big Bang. We also pay attention to the compact binaries thermodynamics, when dark
matter sector enters the game.
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1 Introduction
In our paper we shall pay attention to the problem of the first law of thermodynamics for Einstein-
Maxwell dark matter gravity, where the dark matter sector will be mimicked by the U(1)-gauge field
coupled to the Maxwell one. The main motivation standing behind our research is to explain the
possibility of existence of supermassive black object in the early Universe which is the puzzle for the
contemporary high energy astrophysics. The tantalizing question is related to the debate how such
a supermassive object can be created in a relatively short time after Big Bang. Perhaps accretion of
dark matter by black objects might explain these facts.
Black hole thermodynamics constitutes one of the key subject of the mathematical theory of
black holes, both in four-dimensional Einstein gravity like in its generalizations. The subject in ques-
tion is referred [1] as two versions. The first one, the so-called equilibrium state version and the other,
physical process one. The equilibrium state version formulation was given in the seminal paper of
Bardeen, Carter and Hawking [2], and it is with the linear perturbations of a stationary electrovacuum
black hole to another stationary black hole state. Arbitrary asymptotically flat perturbations of a sta-
tionary black hole were elaborated in [3]. On the other hand, an arbitrary diffeomorphism invariant
Lagrangian with a metric and matter fields being subject to stationary and axisymmetric black hole
solutions, was treated in [4]-[7]. The higher curvature and higher derivative terms of the aforemen-
tioned problem were given in [8, 9], while the case of the Lagrangian being an arbitrary function of
a metric, Ricci tensor and a scalar field was considered in [10]. The general case of a charged and
rotating black hole with matter fields which were not smooth through the event horizon was given in
[11].
The first law of black hole thermodynamics was also intensively studied in the case of n-
dimensional black holes. Namely, the equilibrium state version was elaborated under the assump-
tion of spherical topology of black holes and the supposition that the four-dimensional black hole
uniqueness theorem extends to a higher dimensional case [12]-[13].
The physical process version of the first law of thermodynamics for a black object is realized
by changing the stationary black hole state by an infinitesimal physical process, e.g., throwing some
portion of matter into it. It was supposed that the final state will settle down to a stationary one,
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and we can extract some information of the changes of black hole parameters and these facts in turn
help us to find the form of the first law of thermodynamics. The physical version of black hole
thermodynamics was studied in the realm of Einstein and Einstein-Maxwell gravity in [1] and [14].
The regularity of the solution is the key feature which should be satisfied in these covariant space
methods [15, 16].
The first law of mechanics for the low-energy limit of string theory black holes (the so-called
Einstein-Maxwell-axion-dilaton gravity) were examined in [17], while the n-dimensional black hole
[18] and black ring, as well as, black Saturn and p-branes first law of mechanics were elaborated in
[19]-[25].
Recently the attitude to the first law of black hole mechanics for fields with internal gauge free-
dom was performed [26]. There are some attempts to study the mechanical properties of accelerating
black holes [27]-[29].
The thermodynamics of compact binary objects has been also intensively studied. In [30] the
authors considered black holes’ system as well as the one including neutron stars modeled by perfect-
fluid while the magnetized case was examined in [31]. Both cases require the notion of helically sym-
metric spacetimes [30, 32–42] since they approximate the early stage of a binary system. Moreover,
studies on the magnetized systems demand extra conservation laws applied to the ideal magnetohy-
drodynamic fluid [43, 44] which was also taken into account in [31]. The stability of binary objects
orbits was examined for example in [45–48]. Because of the last discoveries of gravitational waves
coming from mergers of black holes [49–53] and neutron stars’ coalescence [54], the studies on
compact binaries are on the high demand.
The organization of our paper is as follows. In section 2 we describe the main features of
the model under inspection with the two U(1)-gauge fields coupled together, paying attention to its
possible experimental confirmation, as well as, string/M-theory justification of the theory in question.
Section 3 is devoted to the equilibrium state version of the first law of thermodynamics for black
holes in the considered theory, whereas in section 4, we elaborate its Yang-Mills generalization.
Furthermore, we examine the influence of dark matter sector on the thermodynamics of compact
binary systems. In section 6 we conclude our investigations.
2 Influence of the dark matter on physical process version of first law of thermody-
namics
2.1 Dark matter model
The motivation standing behind our research is to elaborate the imprint of the dark matter on physical
phenomena being one of the most intriguing question of the contemporary physics. The non-baryonic
dark matter comprises over 23 percent of the mass of the observed Universe. Dark matter builds a
thread-like structure of the cosmic web constituting a scaffolding for the ordinary matter to accrete
[55, 56]. The first direct glimpse of the shape of the scaffolding was delivered by Space Telescope
Hubble, studying a giant filament of dark matter, being the part of the comic web, which extends
from one of the most massive galaxy clusters MACS J071 [56].
The key prediction of the current understanding of the creation of structures in the Universe
is the so-called ΛCDM model, foresees that galaxies are embedded in very extended massive halos
composed of dark matter, which in turns are surrounded by smaller dark matter sub-halos. The
sub-halo dark matter clumps are large enough to accumulate gas and dust in order to form satellite
galaxies, which can orbit around the host ones. In principle smaller galaxies can be circled by much
smaller sub-halo dark matter satellites, almost invisible to telescopes [57]. It leads to the conclusion
that in the nearby of the Milky Way one can suppose that such kind of structures can also exist. On the
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other hand, dark matter interaction with the Standard Model particles is one of the main theoretical
searches of the particle physics in the early Universe [58, 59].
Collapse of neutron stars and emergence of the first star generations can deliver some other
hints for these researches in question [60]-[62]. The existence of dark matter can affect black hole
growth during the early stages of our Universe. The numerical studies of dark matter and dark energy
collapse and their interactions with black holes and wormholes were investigated in [63, 64].
Physics beyond the Standard Model, implemented for the explanation dark matter non-gravitational
interactions, increases the interests in gamma rays emissions coming from dwarf galaxies, possible
dilaton-like coupling to photons caused by ultra-light dark matter, as well as, oscillations of the fine
structure constant [65]-[67]. On the other hand, Earth experiments are also used to detect possible
low-energy mass of dark matter sector, especially in e+ e− colliders [68]. BABAR detector set some
energy range for dark photon production, i.e., 0.02 < m < 10.2GeV , but no significant signal has been
observed. The new experiments are planned to cover the energy region 15≤ m≤ 30MeV . Recently,
the revision of the constraints on dark photon with masses below 100MeV from the observation of
supernova 1987A are delivered [69].
In our research we shall consider the model of dark matter sector in which the additional U(1)-
gauge field is coupled to the ordinary Maxwell one. The Lagrangian describing Einstein-Maxwell
dark matter gravity yields [70, 71]
L = ε
(
R−Fµν Fµν −Bµν Bµν −α FµνBµν
)
, (2.1)
where by ε we denote the volume element, Fµν = 2∇[µAν ] is the ordinary Maxwell field while
Bµν = 2∇[µBν ] stands for the auxiliary U(1)-gauge field mimicking the dark matter sector which
is coupled to Maxwell one. The coupling constant is denoted by α . Predicted values of α-coupling
constant, being the kinetic mixing parameter between the two U(1)-gauge fields, for realistic string
compactifications range between 10−2 and 10−16 [72]-[75].
The idea of dark matter sector coupled to the Maxwell one, has a strong astrophysical support
provided by observations of 511 eV gamma rays, [76] , experiments detecting the electron positron
excess in galaxy [77, 78], possible explanation of muon anomalous magnetic moment [79]. It was
suggested in [80] that kinetic mixing term between ordinary boson and relatively light one (the dark
one) arising from U(1)-gauge symmetry connected with a hidden sector, may lead to the new source
of low energy parity violation. This phenomenon may be explored by the future atomic parity viola-
tion and planned polarized electron scattering experiments.
On the other hand, it was claimed in [81] that the low energy gauge interaction in the hidden sector
may manifest itself by the Higgs boson H decays, i.e., the Abelian symmetry breaks, which causes
that a relatively light vector boson Zd with mass m ≥ 10GeV can arise. It was assumed that it did
not couple to the Standard Model (SM) states. However, the possibilities of extension of the SM
were taken into account, namely a second Higgs doublet, or new heavy leptons carrying dark charge.
These assumptions leads to the properties of Higgs closely to those from SM. The decays of the fol-
lowing types were studied: H → X Zdark, where X stands for ordinary vector boson Z, Zdark, or
gamma quanta.
Collisions among galaxy clusters can also provide new tools for testing non-gravitational forces act-
ing on dark matter [82].
On the other hand, the model in question has its justification in string/M-theory, where the
mixing portal (term which couples Maxwell and the additional U(1)-gauge field) arises in open string
theory, where both gauge states are supported by D-branes separated in extra dimensions [83]. It takes
place, e.g., in supersymmetric Type I, Type II A, Type II B models. The massive open strings stretch
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between two D-branes. The massive string/brane states existence connect the different gauge sectors.
Another realization of the above scenario can be performed by M2-branes wrapped on surfaces which
intersect two distinct codimension four orbifolds singularities. The construction in question has its
natural generalization in M, F-theory and heterotic string models.
2.2 Physical version of first law
The main motivation for our research will be the problem of the appearance of supermassive black
holes at very early stages of the Universe history. The recent observations reveal almost forty quasars
at the distances greater than the redshift equal to six. Their masses are in the range of 12 to 17 billion
solar masses [84]-[88]. The question posed by the observations is how such huge black objects can
be formed in a relatively short time after Big Bang.
We conjecture that studies of the first law of black hole thermodynamics in the theory of dark
matter with the additional gauge field coupled to the ordinary Maxwell one can support the possible
answer to this problem.
In this subsection we shall find mathematically rigorous mass formula for black objects in-
fluenced by dark matter, i.e., we shall examine the physical version process of the first law of
thermodynamics for stationary axisymmetric black holes in Einstein-Maxwell dark matter gravity.
One destroys the stationary black object by throwing matter into the abyss of a black hole, i.e., we
consider both ’ordinary’ and dark matter which are swallowed by the object in question. Our main
interest will constitute the changes of the black hole parameters which enable us to find the first law
of thermodynamics. Of course, one should assume that after the considered process, the object will
settle to the stationary state.
The source-free Einstein-Maxwell-dark matter equations of motion are provided by
Gαβ − (Tαβ (F) + Tαβ (B)+α Tαβ (F, B)) = 0, (2.2)
∇β
(
Fαβ +
α
2
Bαβ
)
= 0, (2.3)
∇β
(
Bαβ +
α
2
Fαβ
)
= 0. (2.4)
The energy momentum tensor Tαβ =−δS/
√−gδgαβ for the adequate fields imply
Tµν(F) = 2 Fµα Fαν − 12gµν F
αβFαβ , (2.5)
Tµν(B) = 2 BµαBαν − 12gµν B
αβBαβ , (2.6)
Tµν(F, B) = 2 FµαBαν − 12gµν F
αβBαβ . (2.7)
In order to achieve the expressions for the variation of mass and angular momentum for black hole, in
the first step we perform variation of the Lagrangian given by (2.1) with respect to the fields appearing
in the model. Namely, one arrives at
δL
ε
=
(
Gµν −Tµν(F)+Tµν(B)+α Tµν(F, B)
)
δgµν
+ 4
(
∇µFµν +
α
2
∇µBµν
)
δAν +4
(
∇µBµν +
α
2
∇µFµν
)
δBν +dΘ, (2.8)
where the symplectic three-form yields
Θαβγ = εδαβγ
[
ωδ−4
(
Fδν +
α
2
Bδν
)
δAν −4
(
Bµν +
α
2
Fµν
)
δBν
]
, (2.9)
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where we set ωδ = ∇βδgβδ −∇δδgβ β .
Then, having in mind the relation
Jβ [φa, Lξφa] =Θβ [φa, Lξφa]−ξβ L , (2.10)
where φa denotes the adequate fields in the theory under inspection and the Lie derivative with respect
to the Killing vector ξm stands for the variation of the the field in question, i.e.,Lξφa = δφa, one can
define the Noether three-form. It is given by the expression
Jβγδ [φa, Lξφa] = εβγδχ J χ [φa, Lξφa]. (2.11)
The explicit form of Jβγδ [φa, Lξφa] for Einstein-Maxwell dark matter black hole is provided by
the following relation:
Jβγδ [φa, Lξφa] = d
(
QGRβγδ +Q
(FαB)
βγδ +Q
(BαF)
βγδ
)
+ 2 εχβγδ
(
Gχρ −T χρ(F)−T χρ(B)−α T χρ(F, B)
)
ξ ρ (2.12)
+ 4εχβγδ (ξ ρAρ) ∇µ
(
Fχµ +
α
2
Bχµ
)
+4εχβγδ (ξ ρBρ) ∇µ
(
Bχµ +
α
2
Fχµ
)
.
Having in mind thatJ (ξ ) = dQ(ξ )+ξmCm [14], where by Cm we have denoted a three-form built
of the dynamical fields (gµν , Fµν , Bµν), we can identify the quantity QGRαβ +Q
(FαB)
αβ +Q
(BαF)
αβ as
the Noether charge for the theory under consideration. Namely, the Noether charge for the gravita-
tional field is equal to QGRχβ =−εχβγδ∇γξ δ , while for U(1)-gauge fields one arrives at the following
expressions:
Q(FαB)ξβ +Q
(BαF)
ξβ =−2 εξβγδ
(
Fγδ +
α
2
Bγδ
)
ξ ρAρ −2 εξβγδ
(
Bγδ +
α
2
Fγδ
)
ξ ρBρ . (2.13)
On the other hand, one obtains the following expression for the form Cm built of the fields appearing
in the theory:
Cβγξρ = 2εδβγξ
(
Gδ ρ −T δ ρ(F)−T δ ρ(B)−α T δ ρ(F, B)
)
+ 4εδβγξ ∇µ
(
Fδµ +
α
2
Bδµ
)
Aρ +4εδβγξ ∇µ
(
Bδµ +
α
2
Fδµ
)
Bρ . (2.14)
Let us notice that the condition Cm = 0 leads to the case of source-free equations of motion for
Einstein-Maxwell dark matter system. However, if we consider non-gauge field contribution to the
stress energy tensor and non-zero flux of Maxwell and dark matter fields, obtained by the current
contribution to the actionLcur = 4 Aµ jµ +4 Bµ j˜µ , we get
Gµν −Tµν(F) − Tµν(B)−αTµν(F, B) = T mµν , (2.15)
∇µ
(
Fµν +
α
2
Bµν
)
= jνm, (2.16)
∇µ
(
Bµν +
α
2
Fµν
)
= j˜νdm, (2.17)
where T mµν has the interpretation of being the non-U(1)-gauge field contribution to to the stress-
energy tensor, while the currents bounded with the visible and dark sector are denoted, respectively
by jνm, j˜
ν
dm.
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In our considerations (gµν , Aµ , Bµ) constitute the source-free equations of motion of the un-
derlying system. On the other hand, (δgµν , δAµ , δBµ) are the linearized perturbations fulfilling the
linearized Einstein-Maxwell dark matter equations of motion with the source terms given as δT mµν ,
δ jνm, δ j˜νdm, respectively. Bearing in mind the relation (2.14), one gets the following:
δCβγξρ = εχβγξ
[
2 δT χmρ +4Aρ δ j
χ
m+4Bρ δ j˜
χ
dm
]
. (2.18)
The Killing vector field ξα describes also a symmetry of the background matter field. Consequently,
it provides the formula for the conserved quantities related to the Killing vector field, namely
δHξ =−
∫
Σ
ξ βδCβ +
∫
Σ
(δQ[ξ ]−ξ ·Θ). (2.19)
In the next step, let us choose ξα to be an asymptotic time translation tα . This fact authorizes us to
identify δHt with the variation of the Arnowitt-Deser-Misner (ADM) mass of the considered black
hole. It implies
δM =−
∫
Σ
εδβγζ [2tρ δT δmρ +4t
ρAρ δ jδm+4t
ρBρ δ j˜δdm+
∫
∂Σ
(
δQ[tα ]− tα Θα
)
. (2.20)
On the other hand, for the Killing vector fields ψβ , which is responsible for the rotation in the ade-
quate directions for black hole, δHψ comprises the variation of the angular momenta for dark matter
Einstein-Maxwell black hole, given by
δJ =
∫
Σ
εδβγζ [2φρ δT δmρ +4φ
ρAρ δ jδm+4φ
ρBρ δ j˜δdm+
∫
∂Σ
(
δQ[φα ]−φα Θα
)
. (2.21)
Having defined the asymptotic characteristics of the black hole, i.e., the ADM mass and angular
momentum, one can proceed to the physical version of the first law of thermodynamics. Let us
assume that (gµν , Fµν , Bµν) are solutions of the source-free Einstein-Maxwell dark matter stationary
axisymmetric system. As we examine the stationary axisymmetric black object the event horizon
Killing vector field will be of the form
ξα = tα +Ω φα . (2.22)
As we consider the physical process version of the first law of black hole thermodynamics, let
us perturb the black object by throwing into it some ordinary and dark matter. One supposes that
the black hole will be not disturbed in course of action under consideration and settles down to the
stationary state. The development will cause changes of the ADM mass and angular momentum of
the back hole. Moreover, the event horizon will be also modified.
Further, one assumes that Σ0 is an asymptotically flat hypersurface which ends on the black
hole event horizon H . As in [14] we take into account the initial data on Σ0 for the linearized
perturbations of the fields (δgµν , δFβδ , δBβδ ) with δT mµν , δ j
γ
m and δ j˜
γ
dm. We pointed out that δT
m
µν
envisages the perturbations connected with the non-U(1)-gauge field contribution to the stress-energy
tensor. Moreover, we restrict our considerations to the case when the sources δT mµν , δ j
γ
m and δ j˜
γ
dm
tend to zero at infinity, as well as, the initial data (δgµν , δFβδ , δBβδ ) disappear in the nearby of the
black hole event horizon on Σ0, i.e., at the initial time the black object is unperturbed. Because of
the fact that the considered perturbations vanish close to the boundary of Σ0, based on the equation
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(2.19), one arrives at the following:
δM−Ω δJ = −
∫
Σ0
εδβγζ [2ξ ρ δT δmρ +4ξ
ρAρ δ jδm
+ 4ξ ρBρ δ j˜δdm] =
∫
Σ0
ε¯βγζ β µnµ =
∫
H
β µkµ εδαβγ , (2.23)
where by nµ we have denoted a future directed unit normal to the hypersurface Σ0 for black object,
while ε¯αβγ = nδ εδαβγ . In the last term of the above relation, we have replaced nβ for kβ , where kβ
denotes the tangent vector to the null geodesic congruence of the event horizon. It is justified by the
fact that β δ given explicitly by β δ = 2ξ ρ δT δmρ +4ξ ρAρ δ jδm+4ξ ρBρ δ j˜δdm , is conserved and the
assumption that all the ordinary and dark matter are swallowed by the black hole. Then the last term
in the equation (2.23) can be rewritten in the form as∫
H
β µkµ ε¯βγζ = 2
∫
H
δTαmγ ξ
γkα ε¯βγζ +Φ
(m)
BH δQ
(m)+Φ(dm)BH δQ
(dm), (2.24)
where we set
δQ(dm) =−4
∫
H
δ j˜µdmkµ ε¯βγζ , δQ
(m) =−4
∫
H
δ jµmkµ ε¯βγζ , (2.25)
Φ(m)BH =−Aβ ξ β |H , Φ(dm)BH =−Bα ξα |H (2.26)
The final form of (2.25) stems from the fact that for both U(1)-gauge fields we have the following
relations:
∇µ(Aβ ξ β ) =LξAµ +ξ βFβµ , (2.27)
∇µ(Bβ ξ β ) =LξBµ +ξ βBβµ , (2.28)
and because the Killing vector field ξα describes the symmetry of the background solution, one gets
LξAµ = LξBµ = 0. Moreover, bearing in mind the Raychaudhuri equation and the fact that the
shear and expansion vanish in the stationary background, one obtains that Rµνkµkν |H = 0. It implies
further that for Maxwell and the dark matter gauge fields, we have the condition FµβFνβ kµkν |H = 0
and BµβBνβ kµkν |H = 0. Consequently, we arrive at the conclusion that Fβγkβ = 0 and Bβγkβ = 0.
On the other hand, the asymmetry of the strength tensor for Maxwell and dark matter gauge fields
enables us to write Fβγkβ ∼ kγ and Bβγkβ ∼ kγ . The pullbacks of Fβγkβ and Bβγkβ to the black hole
event horizon disappear. Therefore the pullback of ∇µΦ
(m)
BH and ∇µΦ
(dm)
BH to the event horizon are
equal to zero. It implies that onH one has the constancy of Φ(m)BH and Φ
(dm)
BH .
Using the Raychaudhuri equation and the fact that the null generators of the perturbed black
hole event horizon match the null generators of the event horizon of the unperturbed black object, the
following relation can be addressed [1]∫
H
δTαmγ ξ
γkα ε¯βγζ = κ δA, (2.29)
where A is the area of the event horizon of a black hole while κ denotes its surface gravity.
Summarizing, the physical process version of the first law for stationary axisymmetric black
holes in Einstein-Maxwell dark matter gravity is provided by
δM−Ω δJ−Φ(m)BH δQ(m)−Φ(dm)BH δQ(dm) = 2 κ δA. (2.30)
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The above relation constitutes the main conclusion of the above derivations. From the equation (2.30)
it can be seen that the key contribution to the mass of the black hole stems from the dark matter sector
coupled to the ordinary Maxwell field. In the physical version of the first law the contribution of dark
matter is connected with Φ(dm)BH and δQ
(dm), which constitutes the influence of U(1) dark sector
gauge field and the dark charge current (2.17). The relation (2.17) envisages also the influence of the
α coupling constant on the process in question.
As it was justified by the direct astrophysical observations [55]-[56], in the early Universe the
dark matter formed the scaffolding on which the ordinary matter condensate. Formation of black
holes by condensation of the dark matter and ordinary one, then accretion of both types of matter
may play key role in growing mass of black objects to the great extent. From the relation (2.30) it can
be seen that the influence of the dark matter on the process of early black hole formation may explain
the riddle connecting explanation how such a giant can be formed in a relative short time after Big
Bang.
The appearance of supermassive black holes at early stages of the Universe history is a challenge
to the contemporary understanding of star and black hole formations. So far roughly over forty
quasars with redshift greater than six have been detected, each of them harbored by a supermassive
black hole with a mass over one billion of solar masses, when the Universe was less than one billion
years old [84]-[87]. However, it can be only a tip of the iceberg, because of the fact that black hole
growth and evolution in infant Universe may be hidden from our contemporary view [88].
3 Equilibrium state version of the first law
This section will be devoted to the derivation of the first law of black hole dynamics in the theory
under consideration, by choosing an arbitrary cross section of the adequate event horizon of each
black object to the future of the bifurcation sphere, in order to confront the results given by the
relation (2.30).
As it was shown in [11] one can treat fields which were not necessarily smooth through the
event horizon. The only requirement which should be satisfied is that the pull-back of the fields in
question in the future of the bifurcation surface is smooth. For the U(1) gauge fields in the considered
theory with dark matter that will be the case. In what follows we suppose that the spacetime under
consideration fulfills asymptotic conditions at infinity being equipped with the Killing vector ξβ . The
Killing vector field introduces an asymptotic symmetry [5], i.e., there exists a conserved quantity Hξβ
bounded with the symmetry generated by ξβ
δHξ =
∫
∞
(
δ¯Q(ξ )−ξ ·Θ
)
. (3.1)
Here δ¯ is the variation which has no effect on ξβ since the considered Killing vector field is attended
to a fixed background and it ought not to be varied in the above expression (3.1).
In the considerations we shall treat the stationary axisymmetric black object with respect to the
Killing vector field (2.22). Moreover one examines asymptotic hypersurface Σ terminating on the
part of the event horizon H , to the future of the bifurcation surfaces. The inner boundary of the
hypersurface Σ, SH will constitute the cross section of the black hole event horizon. Similarly as in
[11] we shall compare variations between two adjacent states of black objects in question.
In comparison of the two states of black holes there is a freedom which points can be picked
up to correspond. In what follows, we consider the case when the null vector remains normal to the
hypersurface SH , i.e., we make the hypersurface to be the event horizon and tβ , φβ Killing vectors
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are the same, in the two aforementioned black hole solutions. Just, δ tβ = δφβ = 0 and the variation
of the Killing vector ξβ will be of the form δξβ = δΩ φβ .
As in the previous section (gµν , Fβγ , Bβγ) are solutions of Einstein-Maxwell dark matter equa-
tions of motion while their variations (δgµν , δFβγ , δBβγ) constitute perturbations fulfilling the equa-
tion of motion for the considered system. One also requires that the pull-backs of Fβγ , Bβγ to the
future of the bifurcation surface are smooth, but not necessarily smooth on it [11]. The variations of
the gauge fields fall off sufficiently rapid at infinity and these fields do not contribute to the canonical
energy and canonical momenta. In our case
δM−Ω δJ =
∫
SH
(
δ¯Q[ξ ]−ξ ·Θ
)
, (3.2)
where we have denote the variation δ¯ by the expression
δ¯
∫
SH
Q[ξ ] = δ
∫
SH
Q[ξ ]−
∫
SH
Q[δξ ], (3.3)
The Noether charge can be split into the adequate parts
Qβγ = Q
(GR)
βγ +Q
(FαB)
βγ +Q
(BαF)
βγ , (3.4)
where we set the following definitions for the adequate charges:
Q(GR)βγ = −εβγηζ∇ηξ ζ , (3.5)
Q(FαB)βγ = −2εβγηζ
(
Fηζ +
α
2
Bηζ
)
Aµξµ , (3.6)
Q(BαF)βγ = −2εβγηζ
(
Bηζ +
α
2
Fηζ
)
Bµξµ . (3.7)
The arguments quoted in the previous section provide that the following is satisfied:∫
SH
Q(FαB)βγ +
∫
SH
Q(BαF)βγ =Φ
(m)
BH
(
Q(F)+
α
2
Q(B)
)
+Φ(dm)BH
(
Q(B)+
α
2
Q(F)
)
, (3.8)
where the total charges connected with the gauge fields are defined by
Q(F) = 2
∫
SH
εαβγδFγδ , Q(B) = 2
∫
SH
εαβγδBγδ . (3.9)
The variation δ¯ of the adequate quantities implies
δ¯
∫
SH
(
Q(FαB)δγ +Q
(BαF)
δγ
)
= −4
∫
SH
εδγNµξν
(
Fµν +
α
2
Bµν
)
−4
∫
SH
εδγNµξν
(
Bµν +
α
2
Fµν
)
+ Φ(m)BH
(
δQ(F)+
α
2
δQ(B)
)
+Φ(dm)BH
(
δQ(B)+
α
2
δQ(F)
)
, (3.10)
where εβγ is the volume element on the hypersurface SH , while Nβ is the ingoing future directed
null normal to SH , fulfilling the normalization condition of the form Nβξ β =−1. Consequently we
arrive at the following expression:∫
SH
ξ β
(
Θ(FαB)βδγ +Θ
(BαF)
βδγ
)
= 4
∫
SH
εδγNµξν
(
Fµν +
α
2
Bµν
)
+4
∫
SH
εδγNµξν
(
Bµν +
α
2
Fµν
)
.
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Further, taking into account the symplectic three-forms referred to the combinations of the U(1)-
gauge fields and having in mind that for each gauge field one has that
Fµβ ξ β ∼ ξµ , Bµβ ξ β ∼ ξµ , (3.11)
one can find that
δ¯
∫
SH
(
Q(FαB)δγ +Q
(BαF)
δγ
)
−
∫
SH
ξ β
(
Θ(FαB)βδγ +Θ
(BαF)
βδγ
)
=Φ(m)BH δQ
(m)+Φ(dm)BH δQ
(dm),
where we denoted by δQ(m) and δQ(dm), respectively
δQ(F)+
α
2
δQ(B) = δQ(m), δQ(B)+
α
2
δQ(F) = δQ(dm). (3.12)
On the other hand, for gravitational field, one receives the following:
δ¯
∫
SH
Q(GR)δγ −ξ β Θ
(GR)
βδγ = 2κ δA, (3.13)
where A =
∫
SH εαβ is the area of the black hole event horizon.
One concludes that the equilibrium state version of the first law of thermodynamics for station-
ary axisymmetric black holes in Einstein-Maxwell dark matter gravity yields
δM−Ω δJ−Φ(m)BHδQ(m)−Φ(d)BHδQ(dm) = 2κ δA. (3.14)
By the rigorous mathematical derivations we confirmed that the equilibrium state version of the first
law of black object thermodynamics confirmed the results gained in the previous section. The dark
matter influence can be seen by the inspection of the relations (3.12), which envisage the influence of
the α coupling constant, binding the visible and dark sector, on the adequate charges and potentials.
Hence, we can conclude that dark matter intensively influences on the mass of black holes. As
its abundance was larger in the early Universe it authorizes the key role in growing of the black object
masses at the infant phase of our Universe history.
4 Yang-Mills with dark matter sector
In this section we shall provide the Yang-Mills description of the Einstein gravity coupled to the dark
matter sector. Among all, such a model is widely used for example in the holographic description of
p-wave superconductors and superfluids influenced by dark matter sector [89, 90].
The action of the model in question is provided by
L = ε
(
R−F(a)µν Fµν(a)−B(a)µν Bµν(a)−α F(a)µν Bµν(a)
)
, (4.1)
where the strength tensor F(a)µν = ∇µA
(a)
ν −∇νA(a)µ + εabcA(b)µ A(c)ν is used for Yang-Mills strength,
while for the dark matter SU(2)-gauge field we apply the analogous definition built of B(a)µν .
Variation of the Lagrangian density
δL
ε
=
(
Gµν − (Tµν(F)+Tµν(B)+α Tµν(F, B)
)
δgµν (4.2)
+ 4
(
∇µFµν(a)+
α
2
∇µBµν(a)+
α
2
εabcA(b)µ Bµν(c)+ εabcA
(b)
µ Fµν(c)
)
δA(a)ν
+ 4
(
∇µBµν(a)+
α
2
∇µFµν(a)+
α
2
εabcB(b)µ Fµν(c)+ εabcB
(b)
µ Bµν(c)
)
δBν +dΘ(a),
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leads to the following equations of motion
Gµν −Tµν(F) − Tµν(B)−α Tµν(F, B) = 0, (4.3)
∇µ
(
Fµν(a) +
α
2
Bµν(a)
)
+
α
2
εabcA(a)µ Bµν(a)+ εabcA
(a)
µ Fµν(a) = 0, (4.4)
∇µ
(
Bµν(a) +
α
2
Fµν(a)
)
+
α
2
εabcB(a)µ Fµν(a)+ εabcB
(a)
µ Bµν(a) = 0. (4.5)
On the other hand, for Θ(a)µ we get the relation of the form
Θ(a)µ = ωµ −4
(
Fµβ (a)+
α
2
Bµβ (a)
)
δA(a)β −4
(
Bµβ (a)+
α
2
Fµβ (a)
)
δB(a)β . (4.6)
By analogy with the previous calculations we try to compute the expression
δ¯
∫
H
Q(a) (FαB)µν [ξ ]+ δ¯
∫
H
Q(a)(BαF)µν [ξ ]−
∫
H
ξ δΘ(a) (FαB)δµν −
∫
H
ξ δΘ(a) (BαF)δµν = (4.7)
− 2
∫
H
δ
[
εµνρδ
(
Fρδ (a)+
α
2
Bρδ (a)
)
Aβ (a)ξβ −2
∫
H
δ
[
εµνρδ
(
Bρδ (a)+
α
2
Fρδ (a)
)
Bβ (a)ξβ ,
where Q(a) (FαB)µν and Q
(a)(BαF)
µν have the same form as in the equations (3.6)-(3.7), with the replace-
ment of U(1)-gauge field for the SU(2) one.
To commence with, let us find firstly the integrals over asymptotic hypersurface at infinity from
the adequate quantities. Namely ∫
∞
(
Q(a) (FαB)µν [t]+Q
(a)(FαB)
µν [t]
)
. (4.8)
We remark that for the stationary axisymmetric black hole which is the solution of Einstein Yang-
Mills dark matter equations of motion, one has that A(a)0 and B
(a)
0 are asymptotically constant. This
fact enables one to define
V(F) = limr→∞
(
A(a)0 A
(a)
0
) 1
2
, V(B) = limr→∞
(
B(a)0 B
(a)
0
) 1
2
. (4.9)
Moreover, we can specify the notion of ’electric fields’ connected with ordinary and dark matter
Yang-Mills fields
E(a)β =
√
h Fβµ(a) nµ , B
(a)
β =
√
h Bβµ(a) nµ , (4.10)
where nµ is the unit normal to the spacelike hypersurface at infinity. The adequate charges measured
on spacelike hypersurface at infinity can be written as
Q∞(F) = 4
∫
∞
| E(a)β rβ |, Q∞(B) = 4
∫
∞
| B(a)β rβ | . (4.11)
The above is sufficient to establish that∫
∞
tγ Θ(a) (FαB)γµν =
(
Q∞(F)+
α
2
Q∞(B)
)
δV(F), (4.12)∫
∞
tγ Θ(a) (BαF)γµν =
(
Q∞(B)+
α
2
Q∞(F)
)
δV(B). (4.13)
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Because of the fact that the gravitational contribution gives us the ADM mass, as well as, defin-
ing the canonical momentum as J = −∫∞Q[φ ], we arrive at the following form for the first law of
thermodynamics
2 κ δA = δM−Ω δJ+V(F)
(
Q∞(F)+
α
2
Q∞(B)
)
+V(B)
(
Q∞(B)+
α
2
Q∞(F)
)
(4.14)
− 2
∫
H
δ
[
εµνρδ
(
Fρδ (a)+
α
2
Bρδ (a)
)
Aβ (a)ξβ −2
∫
H
δ
[
εµνρδ
(
Bρδ (a)+
α
2
Fρδ (a)
)
Bβ (a)ξβ .
The mass formula given by the equation (4.14) contains two terms proportional to the variation of the
adequate duals of the considered gauge fields. The obtained form of the first law of thermodynamics
resembles the form obtained in [11], in the case of the ordinary Einstein SU(2) Yang-Mills field. As
it was pointed out the last two terms in (4.14) cannot be evaluated in the same way as in Einstein-
Maxwell theory, due to the complicity of the SU(2) Lie algebra. However, some gauge conditions
were proposed in [91–93] to write them in the forms as ΦY M =| ξ βAβ (a) |, which is constant on the
event horizon. The recent, mathematical treatment of this question is delivered in [26].
On the other hand, the dual of the gauge strength field on the horizon will be proportional to
(ξ βAβ (a))∼∗Fβγεβγ . If we approve this reasoning the last two terms in (4.14) reduce toΦY M(F) δQ
Y M(F)
H +
ΦY M(B) δQ
Y M(B)
H , where the charges counted on the event horizon are provided by
QY M(F)H ∼−
∫
H
∗Fαβ (a), QY M(B)H ∼−
∫
H
∗Bαβ (a). (4.15)
However, there is no evidence that the chosen gauge is consistent with the above attitude. It leads us
to the conclusion that the equation (4.14) is the form of the first law of thermodynamics for the black
object in Einstein Yang-Mills theory with dark matter sector.
5 Binary compact objects with the influence of dark matter sector
The other tantalizing question is connected with the analysis of the potential influence of the hidden
sector on compact binary systems. The problem is also important in the light of the recent gravita-
tional wave detection coming from the collision of two neutron stars (GW 170817) [54].
In order to examine an influence of dark matter on binary compact objects in the General Rel-
ativity framework we shall study the helically symmetric spacetime [32, 33] which is considered as
an analog of two oppositely charged particles [94]. Moreover, one considers that in the spacetime
in question equal amounts of the ingoing and outgoing radiations propagate and consequently the
asymptotic mass increases because of the infinite energy of the radiation field. Due to this fact, he-
lically symmetric spacetimes are not asymptotically flat. However, one expects that there exists an
approximate asymptotic region [33], which geometry is that of gravitational waves propagating on a
Schwarzschild background and the energy carried by them is small in comparison to the mass of the
binary system under consideration.
Various aspects of the helically symmetric spacetimes were studied in [30, 34–42]. For instance,
circular orbits of two point particles in post-Minkowskian spacetimes were considered in [45, 95],
while conformally flat spacelike slices of the spacetime manifold turned out to be nonradiative and
asymptotically flat [46–48].
In principle, one can define a conserved Noether current and associated with it finite Noether
charges Qi [4, 30, 96–98] using the helical Killing vector field. The defined charges are independent
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on the two-surface S, on which they are determined under the condition that all kind of considered
matter fields and black holes are enclosed in S.
In our consideration we shall consider as an ordinary matter system composed of perfect fluid
sources described by the Lagrangian [97, 99–103], as well as, Maxwell field coupled to the perfect
fluid, carrying an electric current [31]. On the other hand, dark matter sources will be described by
the additional U(1)-gauge field, coupled to the Maxwell one and to the perfect fluid, carrying dark
electric current.
Our main task will be to find the first law of the binary compact objects influenced by dark
matter sector.
5.1 Compact binary system set-up
To commence with, let (M , gµν) be a global hyperbolic spacetime. We are interested in Einstein-
Maxwell dark matter gravity describing black holes together with magnetized perfect-fluid and dark
matter sources. The spacetime in question is equipped with a single Killing vector kα [30]. In
such a spacetime we shall focus on binary systems possessing helical Killing vectors of the form
kα = tα +Ωφα , where tα is the asymptotically timelike Killing vector, φα the rotational spacelike
Killing vector that has circular orbits with parameter length 2pi [30, 31]. The constant Ω is Ω = 2piτ
where τ is a fixed period of helical integral curves of kα . The helical vector field is transverse to each
Cauchy surface of helically symmetric spacetime however such surfaces do not admit flat asymptotics
because of the radiation produced by the binary system in equilibrium.
The ordinary (baryonic) matter system is described by a perfect fluid characterized by its four-
velocity uα with the normalization condition uαuα =−1 and the energy-momentum tensor
Tαβ = ρuαuβ + pqαβ (5.1)
where qαβ = gαβ + uαuβ is the projection tensor orthogonal to the four velocity uα . The energy
density ρ and the pressure p of the fluid are assumed to be functions of the baryon-mass density n
and the entropy s per unit baryon mass, i.e., p = p(n,s), ρ = ρ(n,s). Moreover, if we fix the energy
density function ρ = ρ(n,s), the following first law of thermodynamics and equations of motion of
the fluid are provided:
dρ(n,s) =
p+ρ
n
dn+nT ds, (5.2)
∇α(nuα) =0, (5.3)
∇αTαβ =0, (5.4)
where T is the fluid temperature. For the brevity of the notation, in what follows, we have introduced
h = p+ρn .
The Lagrangian of the elaborated system will be given by
L =
1
16pi
{
R−FµνFµν −BµνBµν −α FµνBµν +16pi(−ρ+Aα j1α +bBα j2α)
}√−g, (5.5)
where because of the fact that we are interested in dark matter influence on binary system, we add
fields describing dark matter sector coupled to perfect fluid carrying electric and dark currents. They
are denoted by j1α and j
2
α , respectively, b stands for the additional coupling.
From now on, we shall follow the notations and conventions introduced in [30] in order to have
a comparison with the ordinary matter binary system studies. In what follows, we are dealing with a
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1-parameter family of magnetized perfect-fluid Einstein-Maxwell spacetime with dark matter sector
of the following form:
P(λ ) : = [gγβ ,uγ(λ ),n(λ ),s(λ ),Aγ(λ ),Bγ(λ ), j
γ
i (λ )].
j = {1,2}. (5.6)
As in [30] the Lagrangian change will be defined as follows:
∆P :=
d
dλ
Ψ−λP(λ ) |λ=0= (δ +Lξ )P. (5.7)
where the Eulerian change in each of the quantity is defined by δP := ddλP(λ ) [30, 31]. But in
order to find the change in the quantity, at λ = 0, one needs to introduce a Lagrangian displacement
ξα . Moreover, let Ψλ be a diffeomorphism mapping each trajectory (worldline), of the initial fluid
to a corresponding trajectory of the configuration P(λ ). Therefore, the tangent ξα(P) to the path
λ →Ψλ (P) can be regarded as a vector joining the fluid element in a nearby configuration.
It is straightforward to show that the variation of the Lagrangian under our consideration implies
δL√−g =−nT∆s+
1√−ghuγ∆(nu
γ√−g)+ ∆( j
γ√−g)√−g (Aγ +b Bγ)−
δgγβ
16pi
(
Gγβ −8pi(T γβ +T γβU(1))
)
− 1
4pi
(
∇β (Fγβ +
α
2
Bγβ −4pi jγ1)
)
δAγ − 14pi
(
∇β (Bγβ +
α
2
Fγβ −4bpi jγ2)
)
δBγ
−ξγ
(
∇βT γβ −Fγβ j1β +Aγ∇β jβ1 +b(Bγ∇β jβ2 −Bγ j2β )
)
+∇γΘγ , (5.8)
where some parts have been already computed in the previous sections and in [30, 31]. For the
simplicity, we denote by T γβU(1) the sum of the three energy-momentum tensors, that is, T
γβ
U(1) =
T γβ (F)+T γβ (B)+αT γβ (F,B). The surface term Θγ can be written in the form as
Θγ =
1
16pi
(gγµgβδ −gγβgµδ )∇βδgµδ +(ρ+ p)gγβξβ +Aβ ( jγ1ξ β − jβ1 ξ γ)+b Bβ ( jγ2ξ β − jβ2 ξ γ)
+
1
4pi
(Fγβ +
α
2
Bγβ )δAβ +
1
4pi
(Bγβ +
α
2
Fγβ )δBβ . (5.9)
On the other hand, the family of Noether charges on any sphere S enclosing black holes and neutron
stars is defined as
Q =
∮
S
QγβdSγβ , (5.10)
where Qγβ =− 18pi∇γkβ + kγBβ − kβBγ , whileBγ is any family of vector fields satisfying the equa-
tion provided by
1√−g
d
dλ
(Bγ
√−g) =Θγ . (5.11)
It can be observed that in the case of the binary system consisting of a black hole and a neutron star,
Bγ yields
Bγ(λ ) =
1
16pi
(gγµgβδ −gγβgµδ ) |λ=0 ∇˚βgµδ (5.12)
+
1
4pi
(Fγβ +
α
2
Bγβ ) |λ=0 [Aβ (λ )− c1Aβ (0)]+
1
4pi
(Bγβ +
α
2
Fγβ ) |λ=0 [Bβ (λ )− c2Bβ (0)]
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where ∇˚β is the covariant derivative of the metric gµβ (0) and ci, i = {1,2} are fixed parameters.
One chooses Bγ(λ ) to make Q(λ ) finite. If we assume that the dark matter sector behaves in a
similar manner like the electromagnetic one, it can be shown [30, 31] that Q(λ = 0) is finite and
independent of the sphere S, which is supposed to enclose the fluid and black holes associated with
electric and dark matter charges, and respective currents. The charge Q under our consideration is a
sum of the Komar charge Qk, being the gravitational Hamiltonian for stationary and axially symmetric
spacetimes, and QL, which is an additional contribution related to the surface term of the Lagrangian
[104]. They are defined as follows
Qk =− 18pi
∮
S
∇αkβdSαβ , QL =
∮
S
(kαBβ − kβBα)dSαβ , (5.13)
while the surface integrals over the ith black hole event horizonBi imply, respectively
Qki =−
1
8pi
∮
Bi
∇αkβdSαβ , QLi =
∮
Bi
(kαBβ − kβBα)dSαβ . (5.14)
In order to find the change of the Noether charge δQ, we need to compute the difference between the
charge on the sphere S and the sum of the charges on the black holes Bi. It can be shown [30, 31]
that the Komar charges difference associated with Lagrangian and surface term charges are provided
by
Qk−∑
i
Qki =−
1
8pi
∫
∂Σ
∇γkβdSγβ (5.15)
=− 1
8pi
∫
Σ
∇β∇γkβdSα =−
1
8pi
∫
Σ
Rγβ k
β dSγ =− 18pi
∫
Σ
Gγβ k
β dSγ − 18pi
∫
Σ
R kγdSγ ,
QL−∑
i
QLi =−
1
8pi
∫
Σ
∇β (kγBβ − kβBγ)dSγ , (5.16)
where we have denoted
∫
∂Σ =
∮
S−∑i
∮
Bi
.
It turns out that one can rewrite all the above differences, showing that the charge Q is of the
sphere S enclosing all black holes and neutron stars. This is true because of the fact that all the
integrands appearing in the volume integrands over Σ are equal to zero, in the region with no matters
and currents.
At the beginning, let us focus on the Komar charge difference associated with with the La-
grangian (5.5). Namely one arrives at
Qk−∑
i
Qki =−
1
16pi
∫
Σ
(
R−FµνFµν −BµνBµν −αFµνBµν +16pi(−ρ+Aγ j1γ +bBγ j2γ )
)
kµdSµ
−
∫
Σ
(
T γβ +
(1)T γβ +
(2)T γβ +α
(3)T γβ
)
kβdSγ − 18pi
∫
Σ
(
Gγβ −8pi(T
γ
β +T
γβ
U(1))
)
kβdSγ
− 1
16pi
∫
Σ
(
FµνFµν +BµνBµν +αFµνBµν +16pi(ρ−Aγ j1γ −bBγ j2γ )
)
kµdSµ (5.17)
Some terms appearing above can be expressed in the similar way as in [31] up to the parts including
dark matter sector. Taking into account the differences related to the extra field, as well as, the terms
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relating to the baryonic matter, one finally deals with the difference of Komar charges
Qk−∑
i
Qki =−
∫
Σ
L d3x+
∫
Σ
(ρ+ p)uγuβ vβdSγ +
∫
Σ
Aγ( j
γ
1k
µ − jµ1 kγ)dSµ +
∫
Σ
b Bγ( jγ2k
µ − jµ2 kγ)dSµ
− 1
4pi
∫
Σ
(
LkAµ
(
Fγµ +
α
2
Bγµ
)
+LkBµ
(
Bγµ +
α
2
Fγµ
))
dSγ − 18pi
∫
Σ
(
Gγβ −8pi(T
γ
β +T
γβ
U(1))
)
kβdSγ
− 1
4pi
∫
Σ
[
kβAβ
(
∇γ(Fγµ +
α
2
Bγµ)−4pi jγ1
)
+ kβBβ
(
∇µ(Bγµ +
α
2
Fγµ)−4bpi jγ2
)]
dSγ
+
1
4pi
∫
∂Σ
(
Aµ(Fγβ +
α
2
Bγβ )+Bµ(Bγβ +
α
2
Fγβ )
)
kµdSγβ ,
where the last term was obtained by using the Stokes’ theorem. On the other hand, the variation of
Komar charges difference implies
δ (Qk−∑
i
Qki) =−
∫
Σ
δL d3x+
∫
Σ
∆
(
(ρ+ p)uγuβ vβdSγ
)− 1
8pi
δ
∫
Σ
(
Gγβ −8pi(T
γ
β +T
γβ
U(1))
)
kβdSγ
+
∫
Σ
∆
(
Aγ( j
γ
1k
µ − jµ1 kγ)dSµ
)
+
∫
Σ
∆
(
bBγ( jγ2k
µ − jµ2 kγ)dSµ
)
− 1
4pi
δ
∫
Σ
(
LkAµ
(
Fγµ +
α
2
Bγµ
)
+LkBµ
(
Bγµ +
α
2
Fγµ
))
dSγ
− 1
4pi
δ
∫
Σ
[
kβAβ
(
∇γ(Fγµ +
α
2
Bγµ)−4pi jγ1
)
+ kβBβ
(
∇µ(Bγµ +
α
2
Fγµ)−4bpi jγ2
)]
dSγ
+
1
4pi
δ
∫
∂Σ
(
Aµ(Fγβ +
α
2
Bγβ )+Bµ(Bγβ +
α
2
Fγβ )
)
kµdSγβ . (5.18)
In the next step, we shall express parts with the Lagrangian change in a slightly different manner,
following [31] , i.e., one arrives at the following:
∆
(
(ρ+ p)uγuβ vβdSγ
)
= huβ v
β∆(nuγdSγ)+ vβnuγ∆(huβ )dSγ +(ρ+ p)uγuβLkξ βdSγ , (5.19)
∆
(
Aγ( j
γ
1k
µ − jµ1 kγ)dSµ
)
= ( jγ1k
µ − jµ1 kγ)∆AγdSµ − kγAγ∆( jµ1 dSµ)
+
(
Aγ
∆( jγ1
√−g)√−g k
µ +Aγ( j
µ
1Lkξ
β − jβ1Lkξ µ)
)
dSµ (5.20)
b∆
(
Bγ( j
γ
2k
µ − jµ2 kγ)dSµ
)
= b( jγ2k
µ − jµ2 kγ)∆BγdSµ −bkγBγ∆( jµ2 dSµ)
+b
(
Bγ
∆( jγ2
√−g)√−g k
µ +Bγ( j
µ
2Lkξ
β − jβ2Lkξ µ)
)
dSµ . (5.21)
Finally, the above relation together with the variation of the surface terms given by
δ (QL−∑
i
QLi) =
∮
∂Σ
(kγΘβ − kβΘγ)dSγβ =
∫
Σ
∇β (kγΘβ − kβΘγ)dSγ =
∫
Σ
(kγ∇βΘβ −LkΘγ)dSγ
=
∫
Σ
kγ∇βΘβdSγ − (ρ+ p)uγuβLkξ βdSγ −Aβ ( jγ1Lkξ β − jβ1Lkξ γ)dSγ −bBβ ( jγ2Lkξ β − jβ2Lkξ γ)dSγ ,
enables us to write down the variation of the total difference. Let us recall that the total charge con-
sists of the Komar charge and the surface terms Q = Qk +QL. Assuming the gauge δkα = 0, as well
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as, Lk Aα =Lk Bα = 0, then in the case when the field equations together with their perturbations
and equations of motion are satisfied, one obtains the relation of the form
δ (Q−∑
i
Qi) =
∫
Σ
(
nT∆s
√−g−huγ∆(nuγ
√−g)+huβ vβ∆(nuγdSγ)+ vβ∆(huβ )nuγdSγ
− ( jγ1kβ − jβ1 kγ)∆Aβ − kβAβ∆( jγ1dSγ)−b( jγ2kβ − jβ2 kγ)∆Bβ −bkβBβ∆( jγ2dSγ)
)
+
1
4pi
δ
∫
∂Σ
(
Aµ
(
Fγβ +
α
2
Bγβ
)
+Bµ
(
Bγβ +
α
2
Fγβ
))
kµdSγβ . (5.22)
The last term in the above equation turns out to be
− 1
4pi
δ∑
i
∮
Bi
(
Aµ
(
Fγβ +
α
2
Bγβ
)
+Bµ
(
Bγβ +
α
2
Fγβ
))
kµdSγβ (5.23)
where we have used the fact that
∫
∂Σ =
∮
S−∑i
∮
Bi
, as well as, the relation
1
4pi
∮
S
(
Aµ
(
Fγβ +
α
2
Bγβ
)
+Bµ
(
Bγβ +
α
2
Fγβ
))
kµdSγβ = 0. (5.24)
Some terms appearing in the black hole charges Qi = QKi +QLi have been already computed in
[30, 31]. Then, the Komar charge implies QKi =
1
8pi κiAi, where κi and Ai are surface gravity and the
area of the ith black hole, respectively. Its variation is simply given as
δQKi =
1
8pi
δκiAi+
1
8pi
κiδAi. (5.25)
It turns out that the geometry of the spacetime, electric charge, electromagnetic and dark matter
fields contribute to the surface term charge QLi . The geometric part has been calculated in [30] while
the electromagnetic contribution is given by [31]. Taking into account the dark matter sector, one
deals with the relation
δQLi =−
1
8pi
δκiAi+
1
4pi
∮
Bi
(
δ (kµAµ)
(
Fγβ +
α
2
Bγβ
)
+δ (kµBµ)
(
Bγβ +
α
2
Fγβ
))
dSγβ . (5.26)
Just, the total contribution δQi = δQKi +δQLi coming from the horizon is given finally by
δQi =
1
8pi
κiδAi− 14pi
∮
Bi
(
kµAµδ
((
Fγβ +
α
2
Bγβ
)
dSγβ
)
+ kµBµδ
((
Bγβ +
α
2
Fγβ
)
dSγβ
))
.
The above equation can be rewritten in the form as
δQi =
1
8pi
κiδAi+Φ(m)
(
δQ(m)+
α
2
δQ(dm)
)
+Φ(dm)
(
δQ(dm)+
α
2
δQE
)
, (5.27)
where the following definitions have been used:
−kαAα =Φ(m)+C(m), −kαBα =Φ(dm)+C(dm). (5.28)
In the above one introduced the analogous potential term Φ for the dark matter fields while the
quantities Q j are expressed as
C j =− 1
4piQ j
∮
S
Φ jCαβj dSαβ , where j = {m, dm}
Cαβj ={
(
Fαβ +
a
2
Bαβ
)
,
(
Bαβ +
a
2
Fαβ
)
}. (5.29)
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It all leads to the conclusion that
Q j :=
1
4pi
∮
S
Cγβj dSγβ =
1
4pi
(∫
∂Σ
Cγβj dSγβ +∑
i
∮
Bi
Cγβj dSγβ
)
. (5.30)
Then, the total charge is provided by
Qtotal =
1
4pi
∫
Σ
(
∇γ
(
Fγβ +
α
2
Bγβ +Bγβ +
α
2
Fγβ
)
dSβ
)
+
1
4pi∑i
∮
Bi
(
Fγβ +
α
2
Bγβ +Bγβ +
α
2
Fγβ
)
dSγβ
=
1
4pi
∫
Σ
(
jβ1 +b j
β
2
)
+
1
4pi∑i
∮
Bi
(
Fγβ +
α
2
Bγβ +Bγβ +
α
2
Fγβ
)
dSγβ (5.31)
where we have used the Stokes’ theorem and the equations of motion for the underlying system.
The first law relating to changes in the thermodynamic and hydrodynamic equilibrium of matter,
in the electric and dark matter currents, as well as, electromagnetic and dark matter fields together
with changes in the area and electric/dark matter charge of the horizon implies
δM =ΩδJ+δQ, (5.32)
where, after using the standard definitions
T¯ :=
T
ut
, µ¯ :=
µ
ut mB
=
k−T s
ut
, dMB := n uγ dSγ ,
dS := s dMB, dDγ := huγ dMB, (5.33)
the change of the total charge δQ may be explicitly given by
δQ =
∫
Σ
(
T¯ dS+ µ¯∆dMB+ vγ∆dDγ − ( jγ1kβ − jβ1 kγ)∆Aβ − kβAβ∆( jγ1dSγ)
−b( jγ2kβ − jβ2 kγ)∆Bβ −bkβBβ∆( jγ2dSγ)
)
+
1
8pi∑i
κiδAi+Φ(m)δ
(
Q(m)+
α
2
Q(dm)
)
+Φ(dm)δ
(
Q(dm)+
α
2
Q(m)
)
. (5.34)
The equation (5.34) constitutes the main result which shows that the influence of dark matter sector
has its large imprint on the mechanics of the compact binary objects.
6 Conclusions
In our paper the analysis is addressed to the Einstein-Maxwell gravity with dark matter sector, which
was mimicked by the additional U(1)-gauge field coupled to the ordinary Maxwell one. We consider
the physical process version of the first law of black hole thermodynamics by destroying the stationary
black object throwing into it both ordinary and dark matter. One assumes that the black hole is not
destroyed and it settles down to the stationary configuration. Then, we elaborate the equilibrium state
version of the first law of mechanics by choosing an arbitrary cross section of the black hole event
horizon to the future of the bifurcation sphere. We proceed further to the studies the Yang-Mills
extension of the theory in question.
Both methods reveal the fact that the key influence on the black hole masses exerts the addi-
tional U(1)-gauge field corresponded to the dark matter sector. Namely, one arrives at the following
relation:
δM−Ω δJ−Φ(m)BH δQ(m)−Φ(dm)BH δQ(dm) = 2 κ δA.
– 18 –
It can be easily seen that the mass of the black object is significantly larger than in the ordinary
Einstein-Maxwell gravity. In view of the fact that a non-baryonic dark matter constitutes over twenty
percent of the mass of the observed Universe, the model in question may help to understand the
recent astrophysical observations. They revealed that only a billion years after the Big Bang, the
infant Universe was lit up by bright quasars powered by supermassive black holes. The biggest
of them are of twelve to seventeen billion solar masses. Dark matter which was a scaffolding for
the early Universe structure formations [55, 56], and its abundance was very high comparing to the
ordinary matter, could play the crucial role in the growth of the dark giants in the early stages of our
Universe history.
Moreover, we have also studied the influence of the dark matter sector on the binary system,
for example a black hole and neutron star. As it was observed in [31], in general the circulation of
magnetized flow is not conserved when electromagnetic fields and electric currents are present in
neutron stars. It was discussed [30] that in the case of lack of electromagnetic fields in a helically
symmetric perfect fluid spacetimes the expression of the first law becomes δQ = 0, while for the
asymptotically flat systems (like post-Newtonian one) or spatially conformally flat system one deals
with δM =ΩδJ. It is a result of the conservations of the baryon mass, entropy, circulation of the flow,
and the area of each black hole, when one models the late stage of binary inspiral as a sequence of
equilibrium solutions. Due to the presence of the electromagnetic fields and electric current we cannot
simplify the obtained first law, as in the mentioned examples without any assumptions concerning the
flow. However, it turns out that applying the generalized Kelvin theorem for ideal MHD will allow us
to simplify the first law in the given spacetimes since the generalized circulation of magnetized flow
is conserved [31].
In our model we have also considered analogous dark matter circulation of the flow, which
likely is not conserved as well. Since we model the dark matter sector in the same manner as the
electromagnetic field contribution, it seems reasonable to put similar assumptions on the dark flow
as for the electromagnetic one. The relativistic MHD-Euler equation is enriched with analogous dark
Lorenz force and considering Bekenstein - Oron [43, 44] form of the dark four-current, one also deals
with a generalized conserved circulation for dark magnetized flow. Repeating the arguments of [31]
for the ideal MHD flow with the dark counterparts we have observed that we may also write the
first law as δQ = 0, for asymptotically flat systems. The extra assumptions on the considered binary
system in equilibrium are the consequence of the geometric similarity of the dark matter field, that
is, the conservation of dark matter circulation, dark flux, and dark charge for a black hole - neutron
star binary system.
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